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ABSTRACT. We find necessary and sufficient conditions for a spectral differential
equation

N
Lyy)(x) = Y i(x)yP(x) = Any(x)
i=1
to have Sobolev orthogonal polynomials of solutions, which are orthogonal rel-
ative to the Sobolev (pseudo-) inner product

o, q) = / pqdu + / p'qdv,
R R

where du and dv are signed Borel measures having finite moments. This
result generalizes a result by H. L. Krall, which handles the case when dv = 0.

1. INTRODUCTION

We consider a linear differential equation of order N > 1 of the spectral
type

N
(L1) Lyly)(x) = > ti(x)yD(x) = Any(x),
i=1

where each /;(x) = Z;‘=o £;;x7 is a polynomial of degree < i, independent of
n=0,1,.--, €y(x)#0, and A, are eigenvalue parameters given by
(1.2) An=1f11n +iépnn—1)+---+£€yyn(n—-1)---(n— N+ 1).

Our purpose is to find conditions for the differential equation (1.1) to have
Sobolev orthogonal polynomials of solutions, which are orthogonal relative to
some Sobolev (pseudo-) inner product of the form

(13)  ¢p(), a0 = [ pEaEMuE + [ 230 ) (),
where du(x) and dv(x) are signed Borel measures on the real line R with

finite moments.
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When dv(x) = 0, such conditions were already found by H. L. Krall [6] (see
also [10] for another proof of Krall’s theorem).

Recently, R. Koekoek and H. G. Meijer [5] introduced a new class of Sobolev
orthogonal polynomials, {Lj;’ M.N(x) o o » called the generalized Laguerre poly-
nomials, which are orthogonal relative to the Sobolev inner product

(14 ey ) POatIxedx + Mp(O)(0)+ N0 0),

where a > -1, M > 0, and N > 0. On the other hand, R. Koekoek [3, 4]
found an infinite-order differential equation with polynomial coefficients, which
has {L3¥ ‘N(x)}?;o as solutions. As a special case, he also found differential
equations of the form (1.1) of order < 4a + 10, which have {L$'™ ¥ (x) 0
as solutions for a = 0, 1, 2. Note that the inner product (1.4) is exactly of
type (1.3).

These examples motivate the present work and the work by Kwon and
Littlejohn [9], in which the special case with N = 2 is handled.

Our main result (see Theorem 3.7 below) generalizes Krall’s theorem (see
Theorem 2 in [6] and Theorem 2.4 in [10]), which handles a special case with
dv(x) =0 and a result in [9] (see Theorem 4.1 in [9]), which handles a special
case with N <2,

2. PRELIMINARIES

All polynomials throughout this work are assumed to be real polynomials of
a real variable x ; the space of all such polynomials is denoted by & . We shall
denote the degree of a polynomial n € & by deg(n), with the convention that
deg(0) = —1. By a polynomial system (PS), we mean a sequence of polynomials
{on(x)}2, with deg(¢,) = n (n > 0); in this case {Pn(x)}52, is a basis
for &#. We call any linear functional ¢ : & — R a moment functional and
denote its action on a polynomial n by (g, m). With this action, any moment
functional ¢ defines a symmetric bilinear form on £ x & by the formula
(0,pq) (p,qg€P).

We say that a moment functional ¢ is quasi-definite (respectively, positive-
definite) if the moments

on = (g, x") (n>0)
of o satisfy the Hamburger condition
(2.1) An(0) := det[giy,]} ;oo # 0 (respectively, A,(c) > 0)

foreach n > 0.
More generally for any symmetric bilinear form ¢(-, -) on & x &, we call
the double sequence

Sm,ni=¢d(x™,x") (mandn>0)

the moments of ¢(-,-) and say that ¢(-, ) is quasi-definite (respectively,
positive-definite) if

(2.2) An(¢) := det[¢; ;1] ;oo # 0 (respectively, A,(¢) > 0)
for each n>0.
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Lemma 2.1. A symmetric bilinear form ¢(-, ) on P x P is quasi-definite (re-
spectively, positive-definite) if and only if there are PS {P,(x)}32, and real con-
stants K, # 0 (respectively, K, > 0) for n >0 such that

(2.3) &(Pm(x), Pu(x)) = KnOmn (m and n > 0).

Moreover, in this case, the PS {P,(x)}32, satisfying (2.3) is uniquely determined
up to non-zero constant multiples.

Proof. Assume that ¢(-, -) is quasi-definite. Define a sequence of polynomials
by :

Py(x):=1
and
$0,0 o1 .- Po,n
é1,0 b1,1 ... Pim
(24) Pu(x) = [Aner(¢)] ' det | SR (n>1).
¢n—1,0 ¢n—1,1 ¢n-l,n
1 X x"

Then {P,(x)}2, is a monic PS and we have (2.3) with
Kn =An(9)/An-1(¢)  (n20),
where A_;(¢) = 1. Now let {}~’,, (x)}52, be another PS satisfying

n=
(2.5) &Py, P)) = KnOmn  (mand n>0),

where K, # 0. Since {Pn(x)}2, is a PS, for each n >0 we may write ﬁ,,(x)
as

Py(x) =" Gy, ;Pi(x)
j=0

for some real constants C, ; (j=0,1,...,n)with C, , # 0. Then, for any
k=0,1,...,n—1, we have, by the orthogonality (2.3),

n N
0=¢(Pu, P)=_ Cn jd(P;, P) = Cn jK;idjx = Cy 1 Ki
j=0 j=0

so that C, , = 0. Hence we have 13,,(x) = Cy nPn(x). Conversely, assume
that there is a PS {P,(x)}%2, satisfying (2.3). We may assume that each P,(x)

is monic so that {P,(x)}52, is the unique monic PS satisfying (2.3). Writing
Pu(x) =Y 0 C,;’x" (Cr = 1), we see that the condition (2.3) is equivalent to

(2.6) Y Im kCP = $(x™, Pu(x)) = $(Pr(X), Pa(X)) = KnOmn
k=0

for n>0and m=0,1,..., n. Since for any fixed n > 0 the simultaneous
equations (2.6) have a unique non-trivial solution {C}'};_,, we have A,(¢) # 0
(n >0). Finally, we have that K, >0 for n > 0 if and only if A,(¢) >0 for
n>0. O
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By various representation results like Boas’ moment theorem [1] or Duran’s
generalization [2] of Boas’ Theorem, any moment functional ¢ will have an
integral representation of the form

(0, 7(x)) = /R a(x)du(x)  (n(x) € P)

or

(6, n(x)) = /R 2w dx  (2(x) € P),

where u(x) is a function of bounded variation on R (so that du is, in general, a
signed Borel measure on R ) and where y(x) isa C*-function of the Schwartz
class. With these representations, the Sobolev inner product given in (1.3) can
be written as

(2.7) é(p(x), q(x)) = (g, p(x)q(x)) + (7, p'(x)q'(x)),

where ¢ and 7t are moment functionals. As we shall see, it is more advanta-
geous for us to use this abstract notation involving moment functionals instead
of using one of the above integral representations of moment functionals.

In case the symmetric bilinear form ¢(-, -) in (2.7) is quasi-definite, we call
a corresponding PS {P,(x)}3, in Lemma 2.1 a Sobolev orthogonal polynomial
system (SOPS) relative to ¢(-, -). When 7 =0, we simply call {P,(x)}2, an
orthogonal polynomial system (OPS) relative to o .

Since a PS is a basis for &, any PS {¢a(x)};2, determines a moment
functional ¢ (uniquely up to a non-zero constant multiple), called a canonical
moment functional for {¢,(x)}52,, by the conditions

(2.8) (0,90(x))#0 and (o, ¢n(x))=0 (n21).

Remark 2.1. Suppose that the symmetric bilinear form ¢(-, -) in (2.7) is quasi-
definite, and let {P,(x)}32, be an SOPS relative to ¢(-, -). Then o must be
a canonical moment functional for {P,(x)}32,. In particular, (g, 1) #0.

Now we introduce some formal calculus on moment functionals. For a mo-
ment functional ¢ and a polynomial 7n(x), we let ¢’, the derivative of ¢, and
n(x)o , the multiplication of ¢ by a polynomial, be those moment functionals
defined by

(', p(x))=—(g,p'(x)) (p(x)€P)
and

(n(x)a, p(x)) = (o, n(x)p(x))  (p(x) € P).
It is easy then to obtain the following Leibniz rule for any moment functional
o and polynomial 7n(x) as
(2.9) (r(x)o) =7n'(x)o + n(x)a’.
Lemma 2.2. Let ¢ be a moment functional and n(x) a polynomial.

(i) Then ¢ =0 ifandonly if ' =0.
(ii) If o is quasi-definite and n(x)o =0, then n(x)=0.
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Proof. (i) If ¢ = 0, then (o', x") = —n{g, x"~') = 0 for any integer n > 0
so that ¢’ = 0. Conversely, if ¢’ = 0, then (o, x") = (0, ;,—J‘r—l(x"“)’) =
ﬁ(a’, x"+1y = 0 for any integer n >0 so that ¢ =0.

(ii) Assume that ¢ is quasi-definite and n(x)o = 0. Let {P,(x)}32, be an

OPS relative to o, satisfying the orthogonality condition (g, Pn(x)P,(x)) =
K,0mn (m and n > 0) with K,, # 0. Suppose deg(n) = n > 0 and write
n(x) =Y j_o Ck Pe(x), where C, # 0. Then we have

n
0= (n(x), Pa(x)) = D Ci(0, Pe(X)Pu(x)) = CuKn,
k=0
so that C, = 0, which is a contradiction. Hence n(x)=0. O

3. MAIN THEOREM
For a linear differential operator

N
L[] =) ai(x)D',
i=0
where D = d/dx, each a;(x) is a real-valued function in C*(I), and I is an
open interval in R, we let L*[-] be the formal adjoint of L[-] defined by

N
L'yl =) (-D(am)?.
i=0
Proposition 3.1. For a differential operator Ly[-] in (1.1) and a Sobolev inner
product ¢(-, -) in (2.7), the following are equivalent.
(a) Ly[-] is symmetric on polynomials relative to ¢(-, -), that is,

for any polynomials p(x) and q(x).
(b) Moment functionals o and t satisfy
(3.2) Ly[glo — Ly[go] = (Ln[g)7) - Lyl(¢4'7)']
for any polynomial q(x).
Proof. For any polynomials p(x) and g(x), we have
¢(Ln[p], ) = (o, LnIpla) + (t, Ln[pYq') = (Lylgo], p) — (Ly[(4'7)'], P)
and

¢(p, Lwlgl) = (o, pLnlq)) + (t, p'Lnlq)) = (Lnlqlo, p) — {(Lnlgl't)’, D).
Since p(x) can be any polynomial, the statements (a) and (b) are equivalent. 0O

With the notation ozn(x) := n(x)o for any polynomial z(x) and any mo-
ment functional ¢, we may view the equation (3.2) as a differential equation
of order N +2 in ¢g(x). To be precise, we may rewrite the equation (3.2) as

N+2

(33) 3 Rini(a, 1g®(x) = 0,
k=0
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where
(3.4) Rn43(0, ) = Ry43(7) = [(-1)N — 1}enT ;
(3.5) Ry4+2(0, T) = Rya2(7) = [(-1)Y (N + 1) = 1](enT) = [(-D)V + 1]
’ x (En" +En-y)T
N—-k+2
Ryi1(0, 7) Z (—1)/*k (J Tk 2)(f,+k 2V — byt
- 2(fk-nf) — (&1)”
N—k+1 +k—
(3.6) -3 o (G [ORSIERT

N-k
6 = S (") @01

=0
+ 40, k_O, 1,---, N,

where (;) =0 for k <0 and £(x) =0 for k<0.
Hence, the condition (b) in Proposition 3.1 is also equivalent to the condition
that ¢ and 7 satisfy N + 3 functional equations:

(3.7) Ripi(6,7)=0, k=0,1,---,N+2.

Are these equations independent? No. For example, if N is even, then
Ry.3(t) = 0 and if N is odd, then Ry,3(t) = —2¢y7 and Ry4o(7) =
—(N +2)(¢n7)" so that Ry,3(t) = 0 if and only if Ry,2(7) =0 (cf. Lemma
2.2). In fact, the above N + 3 equations can be reduced to [¥#3] equivalent
equations as we shall see below.

We set
N-k
(3.8) Sen(0) = 3 (- 1)f+’°(’+")<e,+ka>0> (o) ;
Jj=0

N—k+1

(9 Ten@)= 3, - (7T ) ka1~ tiio - troy'

N—k+2
+k-2
Uk+1(0) = Z (- 1)’+k(J )(f1+k 20)V) — 4 _y0

- 2(b,_y0)" = (£0)",

(3.10)

k=0,1,---,N. Then
(3.11) Rk+l(a, T)=Uk+l(t)_Tk+l(T,)_Sk+l(a), k=0, 1,"' ,N.

Proposition 3.2. The statement (a) or (b) in Proposition 3.1 is also equivalent
to any one of the following.

(¢) o and 7 satisfy N + 3 functional equations in (3.7).
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(d) o and t satisfy r+ 1 functional equations

(312) R2k+2(0',‘[)=0, k=0,1,"' , ri= [N—;-—l]
(e) o and t satisfy r+ 1 functional equations
(3.13) Ry 1(0,7)=0, k=0,1,-.- ,r:= [%]
We first need several lemmas. For j =0, 1, ---, we set
_ 2(2¥+2 — 1)Byjy
(3.14) cj= TE)] ,
where {B;}92, are the Bernoulli numbers defined by
x 1 s Y
éT——T =1- 5x+§82,~x J
Lemma 3.3. The following combinatorial indentities hold.
(3.15) ;—ZI.:#—H‘ (i=0,1,--);
’ (2i+ 1) _j=0 i-2j0 R ’
i

1

\ ! .y 4
(3.16) (2i +2)! —;(21‘—2]+ 1!

(i=0,1, ).

Proof. See Lemma 4.4 in [11]. O

Using Lemma 3.3, Littlejohn and Race [11] proved
Lemma 3.4. If N = 2r is even, then for any moment functional o, we have
u 2j+1
(3.17)  Sy-z-1(0) = D ¢;P(N =2k +2j—1,2j+ )SF4). . () =0,
. =

k=0,1,--- ,r—1, where P(n,k)=n(n-1)---(n—k+1).
Proof. See Lemma 4.5 in [11]. O

Lemma 3.5. For any non-negative integers n and i, we have the following com-
binatorial identities:
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n+2i+3\ . . n+2i+3
(3.18) ( . )—jgocjp(n+21+3,2;+1)(n+2j+l)
—20i P(n+2i+5,2i+3)—ciP(n+2i+3,2i+1)=0;
n+2i+4 d . . n+2i+4
(3.19) ( , )—gc,P(n+2]+3,2]+l)(n+2j+l)
—cipi(n+2i+2)P(n+2i+5,2i+3)=0;
n+2i+3 d ) . n+2i+3
(3.20) ( . )—jg)CjP(n+2]+2,2]+l)(n+2j+l)
—2¢i P(n+2i+4,2i+3)=0;
n+2i+2 L. . : n+2i+2
(3.21) ( " )»—JZ::Oc,P(n+2]+2,21+l)(n+2j+1)
4eiP(n—2i+2,2i+1)=0.
Proof. The identities (3.18) and (3.19) follow immediately from (3.15), (3.16),

and
n+2\ (n+4 _5 n+3 + n+2
k ) \k+2 k+2 k+2)

The identities (3.20) and (3.21) follow immediately from (3.15), (3.16), and
n+1\ _ n + n O
k+1)  \k+1 k)

Lemma 3.6. If N = 2r is even, then for any moment functional o, we have
(3.22)

k
Un—2k-1(0) = 3 ¢;P(N = 2k +2j 1, 2j + WUPED., (0)
Jj=0

=1 P(N + 1, 2k + 3)[(N = 2)(eno)H+D) — 2(ey_ 7) 3],

k
Ty-2-1(0) = 3 ¢;P(N = 2k +2j = 1, 2j + T4, (o)
j=0

= —2¢c; 1 P(N + 1, 2k + 3)(£no) 2K+ |

(3.23)

k=0,1,--- ,r—1.

Proof. For simplicity of notation, we let ¢;P(N —2k +2j—1, 2j+ 1) = cj(m)
and N — 2k = m. Then
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k
Um-1(0) = Y, c;(m)U3L3)(0)
j=0
2k+4
m+j—4 .
= Z( 1y ( J- )(fm+j—40)(1) — €40 — 2({m—30) — (bm—20)"

W (m+2j+i-3 .
- ZC‘j(m){ Z (_1)t+1 ( me2j—3 >(£m+2j+i—30)('+21+1)
Jj=0 i=0

= (Ums2j-30) P = 2(bpaj20)H*D — (€m+zj—10')(2j+3)}

ko
_ Z (m +2j- )(Zm+zj-10)(2j+3) —2(tm-30) + 3> cj(m

j=-1 i=0 j=0
m+2i-1 . k-1 .
(m + 2] _ 3) (em+2i-la)(21+3) +2 Z cj+1(m)(£m+2,-_la)(21+3)
j=—1
+ z ¢j(M)(bme2j—10) ¥+ + Z (m + 21) (bms2jo) P+
j=-—1
m+2i . k
e =333 w3
i=0 j=0 j=0
‘ k—1 .
x(m+2j- 2)(em+2j—20')(2]+2) +2 Z cj+|(m)(£,,,+2ja)(21+4)
j=—1
k .
m+2i— m+2i—1
- g{_( . ) + Z cjm )(m ey 3> + 26001(m) + c,-(m)}

X (bm2i—10) @)

k 2i i 2i .
+ .z=o:{ (r:lt 4’) _ 2 cj(m) (m,: -zl-j i 3) —ciy1(m)(m +2i — 2)}
X (bm42i0) 3 + ey (M(N = 2)(ena) P+ — 2(ty_10)*+I]

= e (M)[(N - 2)(gNa)(2k+4) _ 2(€N_1a)(2"+3)]

since the coefficients in the first and the second summations vanish by (3.18)
and (3.19) respectively. Similarly we have

k
Tm-1(0) = Y cj(m)Tei3 ) (0)
Jj=0

—Z{ (’"”’)+le cim)( e 3 2 5) + 2einalm)

X ( f )(21+3)
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m+2i— d m+2i—1
SR - Sem (15 s) )
X (bms2i-10) 3+ — 2611 (m) (o)D)
= —20)41(m)(Lyo) 2+
since the coefficients in the first and the second summations vanish by (3.20)
and (3.21) respectively. 0O

Proof of Proposition 3.2. We only need to show the equivalence of the statements
(), (d), and (e). It is trivial that (c) implies (d) and (e).
(d) = (c): We first claim that

r—k+1
(3.24) Ry1(0,7) =Y ¢P2k+2j-1,2j+ )R (o, 1),
Jj=0

k=1,2,---,r+1, where r:=[%].
First we assume N = 2r is even. Since Sy,;(g) = 0, we have from (3.5)
and (3.6) with k=N

Ryi1(0, T) = Unyi (1) — T (T')

M(Z )" — (N + D[(€n-17) + (€x7)']
=¥ ) faa(2)

so that (3.24) holds for k =r+1 since co = .
For 1 <k <r, we have from (3.17), (3.22), and (3.23)

r—k+1

(2

Ry1(0,7)— Y ¢PR2k+2j-1,2j+ )R (o, 1)

Jj=0

r—k+1

= (Un=1(7) = To—1(7') = Saie—1(0)) = Y, ¢jPQk+2j—1,2j+1)
Jj=0
(2j+1) 2j+1) 2j+1
X (Ugh) (1) = TR25) (1) = 8505 ()

=C_ k1 P(N+1, N =2k +3)
x [(N = 2)(£nt)N=2Kk+4) _ 2(gy_ 7)N-2k+3)]
+ 2011 P(N + 1, N — 2k + 3)(ey1')N-2k+3)
¢kt P(N+1, N =2k + 3)RY (1)
=0
so that (3.24) holds also for 1 <k <r.
For N =2r—1 odd, welet Ly, [-]:= x4 (x)DV+1 4+ Ly[-] with £y, (x) =0

and let {Ry(o, 7)}¥+* be the coefficients in (3.3) corresponding to Ly.[-].
Then

Ry.+4(0,7)=0 and Ri(,7)=Ri(o,7), 1<k<N+3.
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Hence, in the case, we also have (3.24). Now (3.24) implies that if Ry (a, 1) =
0,1<k<r+1,then Ri(o,7) =0, 1 <k <2r+2. Hence (d) implies (c)
since Ry;3(7) = Ry,43(7) =0 when N = 2r is even.

(€) = (c): We may solve r+1 equations in (3.24) successively for R; .,, R;,,

, R, as
r—k+1
(3.25) (0, T) z kaR2k+21 12
where yor = (co(2k — 1))} 77(—— 1 <k <r+1. Since for any k =
1, ,N+3, Ri(6,7)=0 1fand only if Ry (o, 7) =0 by Lemma 2.2, (3.25)

1mphes that if R2k+1(a 71)=0,0<k<r,then R (g,7)=0, 1 <k <2r+2.
Hence, (e) implies (c) since RN+3(1') = R2,+3(t) =0 when N =2r iseven. O

Remark 3.1. In fact, Lemma 3.4 and Lemma 3.6 mean that differential oper-
ators on both sides of the equations (3.17), (3.22), and (3.23) are the same
respectively. '

Remark 3.2. It can be easily shown that the set of r+ 1 equations in (3.12) or
(3.13) is also equivalent to the set of r+ 1 equations consisting of one equation
from each pair Ry;_1(6,7)=0 and Ry(o,7)=0 for k=1,2,--- ,r+1.

We are now ready to give our main result.

Theorem 3.7. Let {P, (x)}°"0 be an SOPS relative to a quasi-definite Sobolev
inner product ¢(-,.-) in (2.7). Then any one of the statements (a), (b), (c),
(d), and (e) in Proposition 3.1 and in Proposition 3.2 is also equivalent to the
Jollowing.

(f) Foreach n >0, P,(x) satisfies the differential equation (1.1).

Moreover, if any one of these equivalent conditions holds, then N = 2r must be
even.

Proof. By Proposition 3.1 and Proposition 3.2, it suffices to show that the state-
ment (a) in Proposition 3.1 and the above statement (f) are equivalent.

(a) = (f): For any fixed integer n > 1, Ly[P,](x) is a polynomial of degree
< n so that we may write Ly[P,](x) as

LylP)(x) = 3 CjP;(x)

for some constants Cj, j = 0,1, ---, n. Then for any integer k with 0 <
k<n,

Ckd(Prc(x) , Pre(x ¢(ZC iPi(x), Pi(x))

= ¢(LN[Pn](x)a P(x)) = ¢(Pn(x), Ln[Pc)(x)) =0

since Ly[P](x) is a polynomial of degree < k and k < n. Hence, C; =
0,k=0,1,--- ,n—1,and Ly[P,)(x) = CpPu(x) = A,Py(x) by comparing
the coefficients of x” from both sides.
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(f) = (a): From the orthogonality of {P,(x)}32,, we have

= (Am — An)@(Pm(x), Pu(X)) = $(AmPrm(X), Pu(X)) = (Pm(X), AnPn(x))
= ¢(LN[Pm](x) ’ Pn(x)) - ¢(Pm(x) s LN[Pn](x))
for every m and n > 0. Since {P,(x)}32, is a basis of &, we have (3.1).
Finally assume that N is odd and /y(x) # 0. We know that ¢ and 7t
satisfy the condition (3.12). In particular,
RN+3(‘L’) = —2£NT =0
and

Ru(e, 1) = D=2 ey (8 = ()

—(N=1)(NT) +2y_1T — 2en_27 + 2¢n0 = 0.
Equivalently, ¢ and 7 satisfy
(3.26) Iyt =0,
(N = Dty + tnv-1)7
+[(N=1)ly+ (N —3)ly_, — 2¢y_3]T + 2¢50 = 0.
Hence, we have ¢y(x)a = a(x)1'+ f(x)t for some polynomial a(x) and B(x).
Then for any polynomial 7z(x), we have from (3.26)
$(m, £3) = (0, meR) + (v, 3n'L5Ly)

= (ot + B1, nlE) + (EnT, 3n'lyly)

= (ZNT, ﬂnl;v - (an)’ZN - 2a7t€;,,)

=0.
It contradicts the fact that ¢(P,(x), £%(x)) # 0 when n=deg(¢y). O

We call the r+ 1 functional equations in (3.12) or (3.13) the moment equa-

tions of Ly[-] (relative to ¢(-, -)).

When 1 = 0, we may obtain Krall’s theorem [6] as a special case of Theorem
3.7

Corollary 3.8. Let o be a quasi-definite moment functional and {P,(x)}32, an
OPS relative to . Then, {P,(x)}2, satisfy the differential equation (1.1) if
and only if o satisfies r :=[%F] functional equations

(3.28) Spks2(0) =0, k=0,1,---,r—1.

Moreover, in this case, N = 2r must be even.

Proof. By Theorem 3.7, {P,(x)}32, satlsfy the differential equation (1.1) if

(3.27)

and only if Ryy(0,0) =0,k =0,1,---,r. However, Ry,,(0,0) =
—Soks2(0), k=0,1,--- ,r—1,and R2,+2(a, 0) = 0. Hence, the conclusion
follows. 0O

Remark 3.3. In [11], Littlejohn and Race showed that the set of r equations in
(3.28) is also equivalent to
(3.29)

m+l 0) Z ( 1 ( I;— 1)(£ia)(i—2k-l)=05 k=09 ]9 e, r— 1.

i=2k+1
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If we rewrite (3.29) in terms of moments {0,}32, of o, then we obtain

N i .
(3.30) Sp(m)= > Z(l_i—l)P(m—Zk—l,i—2k—1)ei,i_jam_j=0
i=2k+1 j=0

for k=0,1,---,r—1 and m=2k+1, 2k+2, --- . The moment equations
in (3.30) were found and used by H. L. Krall [6] in his characterization of
differential equations having OPS’s of solutions.

Remark 3.4. If we view the equations in (3.28) orin (3.29) as true differential
equations for functions, then any common non-trivial classical solution s(x)
(if it exists) is a symmetry factor of the differential operator Ly[:], that is,
s(x)Ly[-] is formally symmetric (see [11] for details).

Finally, we give several examples illustrating our main theorem.
Example 3.1. We consider the differential equation (1.1) with N =2:
(3.31)  Lylyl(x) = &(x)y"(x) + £1(x)y'(x) = [n(n — 1)f22 + ny]y(x).
In this case, there are four moment equations:

N R4(7) =2(L1) =285+ 1)t =0,
Ri(7) = -3(617)' + 3(L7') = %Rg(t) =0,
Ry(o, 1) = —(617)" + (6,7')" = 2(420) + 2410 =0,

, , 1 1
Ri(0, 1) = ~(&0)" + (010) = 3Ry(0, 7) - ZRg”(r) =0,

which can be simplified into the following equivalent set of two uncoupled
equations

(sz’)/—€10'=0, €21/—311=0.

It is shown in [9] that there are essentially (i.e., up to a real linear change of
variable) eleven distinct SOPS’s that satisfy the differential equation (3.31). In
particular, if o is quasi-definite, then we obtain only classical OP’s and an
SOPS, which is not an OPS, can arise only when ¢ is not quasi-definite (in
fact, discrete) and 7 is quasi-definite (see [9] for details). For example, the

Laguerre polynomials {L\ " (x)}32, satisfy
xy"(x) = xy'(x) = —ny(x)
and is orthogonal relative to
40,9 = 4p(0)a(0)+ [ () (0 dx,
where A#0.
Example 3.2. We consider the differential equation (1.1) with N =4:

La[yl(x) = £a(x)y®(x) + £3(x)yP (x) + £2(x0)y" (x) + 1(xX)y" (x) = Any(x).
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In this case, there are six moment equations:

Rg(0, T) = R(1) = 4(£a1) = 2(4 + £3)T =0
5
Rs(o, 1) = Rs(1) = ERls(T) =
R4(0, 1) = 4(£47)3) = 3(£37)" 4 2(£21) — £17 + 6(£LaT)" — 3(£37") + £,

— (0 + 28, + Z”)r - (L + eg)r' + 2430 — 4(L40) =0,
Ri(o, 1) = 3R’ 40, 17)— R(3)(t)

Ry(o, 1) = (€4‘t ) — (£37' )(3 + (Kzr’)” — () -
- 4(@40’)(3) + 3(L30)" — 2(520’)' +240=0,

Ri(o, 1) = 1R2(a 1) — —R(3)(a )+ < R(S() 0.

We may replace the three moment equations Ry (0,7)=0, k=1,2,3, by
2(8s7t) — (L3 + 43)T=0
(€4‘€')(3) - (fg,‘l.’)" + (52‘[), + 4(@41”)” - 3([3‘[’)/ + 24,7
— (34, + £5)T + 3430 — 6(£40) =0,
(£40')(3) - (f30’)” + (620)’ —£410=0.

Unlike the case for N = 2, we cannot uncouple these three moment equa-
tions unless 7=0.

When 7 =0, H. L. Krall [7] classified all fourth-order differential equations
having OP’s as solutions.

Example 3.3. In [5], Koekoek and Meijer introduced the generalized Laguerre
polynomials {L" M,N (x)}2,, which are orthogonal relative to the positive-
definite Sobolev inner product:

(330 6. 0) = s |, PIECR)x% dx+ MP(©)a(0)+ NP0 (0),

where a > -1, M >0, and N>0.

Note that ¢(-, -) in equation (3.32) is exactly of the form (2.7), where o =
Ta_+1‘H (x)x®e=* + Md(x) is positive-definite, 7 = NJ(x) is discrete,
and H (x) is the Heaviside step function. Later, Koekoek [3, 4] found an
infinite-order differential equation with polynomial coefficients satisfied by
{LgM-N (x)}32,. Furthermore, he also found differential equations of order
< 4a + 10 of type (1.1) satisfied by {L3M 'V (x)} %o for a=0,1,2. For
N>0and a=0,1, or 2, {Ly M.N(x) )}32, is the first example of an SOPS
which is not an OPS and satisfies a differential equation of type (1.1).

Remark 3.5. It can be shown (see Lemma 0.1 in [8]) that for any PS {P,(x)}52,
and any sequence of real numbers {1,}32, with 4o =0 and A, # 4, for m #
n, there exists a unique sequence {¢;(x)}$2, of polynomials with deg(¢;) < i,
i>1, such that

L[P,](x) = fjei(xmﬁ"(x) =AnPa(x), n20.
i=1
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